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ABSTRACT: In this paper we introduce a generalization of the Lorentz space .And 

prove some theorems about it. 

  .قدمنا في ھذا البحث توسیع لفضاء لورنز مع بعض المبرھنات حول ھذا التوسیع : المستخلص 

1-Introduction :  

Let f  be a complex-valued measurable function defined on a �- finite measure space 

(�, �, �). For � ≥ 0 ,define �� the distribution function of � as 

��(�) = �{� ∈ �: |�(�)| > �}.    Arora , Datt and Verma , 2007] 

By �∗we mean the non –increasing rearrangement of � given as 

�∗(�) = ���{� > 0: ��(�) ≤ �}, � ≥ 0 . 
For � > 0, let 

�∗∗(�) =
1

�
� �∗

�

�

(�) �� .  

For a measurable function � on X, define 

‖�‖�� = �
�

�
∫ ��

�
��  �∗∗(�)�

�

�

�
��

�
� 0 < �, � < 1     

The Lorentz space  �(�, �) consists of those complex – valued measurable 

functions � on X such that ‖�‖�� <  ∞  . For more on Lorentz space one can refer to 

[Bennet and Sharpley1988, Hunt 1966, Lorentz  1950, Stein and Weiss,1971]. 

Let Τ: � → �  be a measurable ( Τ�� (�) ∈ � ,for � ∈ �) non-singular 

transformation ���Τ�� (�)� = 0 �ℎ������ �(�) = 0� and u a complex –valued 

measurable function defined on X. 

We define a linear transformation � = ��,�  on the Lorentz space �(�, �) 

into the linear space of all complex – valued measurable functions by  

��,� (�)(�) = ��Τ(�)���Τ(�)�, � ∈ �, � ∈ �(�, �). 

If � is bounded with range in �(�, �), then it is called a weighted composition 

operator on �(�, �) . if u ≡ 1  ,then � ≡ ��: � → � ∘ Τ  is called composition 
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operator induced by  . If Τ is identity mapping , then � ≡ � � ∶ � → � ∙ �, a 

multiplication operator induced by u .The study of these operators on �� -spaces has 

been made in Chan1992, Jabbarzadeh and Pourreza 2003, Jabbarzadeh 2005 , Singh and Manhas 1993 and  Takagi  

1993] and references there in .Composition and multiplication operators on the Lorentz 

spaces were studied in [Kumar ,2005 , Arora , Datt and S. Verma  2006] respectively .In this paper 

a characterization of the non – singular measurable transformations  from X into 

itself and complex –valued measurable function  u on X inducing weighted 

composition operators is obtained on the Lorentz space �(�, �), 0 < �, � < 1    . 

2.Characterizations 

   In this section we introduce our main results . 

Theorem 2.2. let (�, �, �) be a σ- finite measure space and �: � → ℂ   be a 

measurable function . let Τ: � → �  be a non-singular measurable transformation such 

that the Radon-Nikodym derivative �� = �(�Τ�� ) ��⁄  is in ��(�). 

Then ��,� : � → � ∘ Τ ∙ � ∘ Τ is bounded on �(�, �), 0 < �, � < 1  if u  ��(�). 

Proof: Suppose b=‖�� ‖� , then for � in �(�, �), the distribution function of �� 
satisfies , where �� = ��,� = � ∘ Τ ∙ � ∘ Τ , we have 

(��)∗∗(t) ≤ ‖�‖��∗∗��
�� �      ….(1) [Arora , Datt and Verma , 2007] 

Then for 0 < �, � < 1  we have  
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Then by using (1) we have  
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Thus  
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�
� ‖�‖� 

 

 

 

 

 

Generated by Foxit PDF Creator © Foxit Software
http://www.foxitsoftware.com   For evaluation only.



References : 

Bennet.C and Sharpley R,1988,Interpolation of Operators ,Pure and Applied 
Mathematics ,129.Academic Press, Inc., Boston, MA. 

Stein.E.M and Weiss .G,1971,Introduction to Fourier analysis on Euclidean spaces, 
Princeton Mathematical Series, no.32. Princeton University Press , Princeton ,N.J. 

Lorentz. G.G, 1950, Some new functional spaces , Ann. of  Math , (2), 37-55. 

Takagi . H,1993,Fredholm Weighted Composition Operators ,Integral Equations 

Operator Theory , no.2,267-276. 

Chan .J.T,1992,Anote on Compact Weighted Composition Operators on ��  ,Acta 

Sci.Math.no.1-2,165-168. 

Jabbarzadeh . M.R,2005,Weighted Composition Operators between ��  - spaces Bull. 

Korean Math .Soc.no.2,369-378. 

.Jabbarzadeh. M.R  and Pourreza. E,2003,Anote on Weighted Composition Operators 

on ��- spaces, Bull. Iranian Math.Soc.no.1,47-54. 

Hunt. R.A,1966 ,on �(�, �) spaces , Ensignement Math. (2), 249-276 . 

Singh. R.K andManhas .J.S,1993, Composition Operators on function spaces ,North-

Holland Mathematics Studies,179.North –Holland  Publishing Co.,Amsterdam. 

Kumar.R,2005, Composition Operators on Banach function 

spaces,Proc.Amer.Math.Soc.no.7,2109-2118. 

Arora. S.C, Dat G. t and Verma S , 2006 , Multiplication operators on Lorentz spaces 

, Indian J. Math . 3 , 317-329 . 

Arora. S.C, Datt .G and Verma. S, 2007 , Weighted composition operators on Lorentz 

spaces , Bull. Korean. Math. Soc. no. 4 , 701-708 . 

 

 

 

Generated by Foxit PDF Creator © Foxit Software
http://www.foxitsoftware.com   For evaluation only.


